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I. INTRODUCTION

Andrijevic[2] introduced a new class of generalized open
sets in a topological space, the so called b-open sets.
Levine[9] derived the concept of generalized closed sets in
topological space. Al Omari and Mohd.Salmi Md.Noorani
[3] studied the class of generalized b-closed sets. The
notation of nano topology was introduced by Lellis
Thivagar[11] which was defined in terms of
approximations and boundry regions of a subset of an
universe using an equivalence relation on it and also
defined nano closed sets, nano interior and nano-closure.
Nano gb-closed set was initiated by Dhanis Arul Mary and
I.Arockiarani[5]. In this paper we use nano gb-closed set
as a tool to introduce a new class of sets called
nano*generalized b-closed sets and discuss some of its
properties. We also propose the idea of nano*generalized
locally b-closed sets and study some of its properties

ILPRELIMINARIES

Definition 2.1[12]: Let U be a non-empty finite set of
objects called the universe and R be an equivalence

relation on U named as the indiscernibility relation. Then
U is divided into disjoint equivalence classes. Elements
belonging to the same equivalence class are said to be
indiscernible with one another. The pair (U,R) is said to be

the approximation space. Let X c U

1. The lower approximation of X with respect to R is the
set of all objects, which can be for certainly classified as

X with respect to R and it is denoted by L, (X) . That is

L, (X) = U {R(x): R(X) < X}, where R(x) denotes
xeU

the equivalence class determined by X € U 2. The upper

approximation of X with respect to R is the set of all
objects, which can be possibly classified as X with respect

to R and it is denoted by U.(X). That is
Up (X)=U {R(x):R(X)n X =}
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3. The boundary of X with respect to R is the set of all
objects, which can be classified neither as X nor as not-X
with respect to R and it is denoted by B. (X)- That is

B, (X)=Up (X)~Ly (X).

Definition 2.2[11]: If (U, R) is an approximation space
and X,Y < U ,then

0]

and

(i) Ug(XUY)=Ug(X)uUg(Y)

(iv)  Ug(XNY)cUp (X)nUg(Y)

v LXuY)oL(X)uLY)

wiy  L(XnY)=L(X)nL(Y)

(i) Ly(X)< Ly (Y)and Ug (X)cUg(Y)

whenever X <Y

(i) Ug(X°)=[Ly(X)] and

Lo (X)=[Ue(X) ]

((x)  UUg(X)=LUg(X)=Ug(X)
) I—RLR(X):URLR(X)ZLR(X)

Definition 2.3[10]: Let U be non-empty, finite universe of
objects and R be an equivalence relation on U. Let

X cU . Letr, (X)={U,p, Ly (X),Ug (X), B (X)}-

Then 7, (X) is a topology on U, called as the nano
topology with respect to X. Elements of the nano topology
are known as the nano-open sets in U and(U T (X )) is
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called the nano topological space. I:TR (X )]c is called as

the dual nano topology OfTR(X). Elements of

[TR (X )]C are called as nano closed sets.

Definition 2.4[11]: If 7, (X) is the nano topolopy on U

with respect to X, then the set
B={U,Ly(X),Ug(X),Bs(X)} is the basis for

o (X).

Definition 2.5[11]: If (U,rR (X )) is a nano topological

space with respect to X where X cU and ifAcU ,
then the nano interior of A is defined as the union of all

nano-open subsets of A and it is denoted by N int(A).
That is N int(A), is the largest nano open subset of A.
The nano closure of A is defined as the intersection of all
nano closed sets containing A and is denoted by Ncl (A)

That isNCI(A), is the smallest nano closed set
containing A.

Definition2.6 [6]: A subset A of a nano topological space
(U ' TR (X )) is called nano generalized b-closed (briefly,

nano gb-closed), if Nbcl(A)SV whenever ACV and V is
nano open in U .

Definition 2.7[11]: Let (U,TR (X )) be a nano
topological space and Ac U . Then A is said to be

Nano semi opens If A c Ncl (N int(A))

Nano pre-open if Ac N int(NCI (A))

Nano o -openif AcC N int(NCI (N int(A)))

Nano b-open if
A< Nel(Nint(A))UNint(Ncl(A))

Nano regular-open if A= N int(NCI (A))
Nso(U,X), NPo(U,X), Nao(U,X), NBO

(U,X)and NRO(U,X)respectiver denote the

families of all nano semi open, nano pre open, nano ¢
open, nano b-open, nano r-open subsets of U. Let

(U , rR(X)) be a nano topological space and AcU . A

is said to be nano semi closed, nano pre -closed and nano
« _closed, nano b-closed ,nano regular-closed if its

complement is respectively nano semi-open, nano pre-
open, nano « -open, nano b-open, nano regular-open.
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I11. NANO*GENERALIZED b-CLOSED SETS

Definition 3.1: A subset A of a nano topological space
(U,TR (X)) is called nano*generalized b-closed if

Nbcl(A) =V whenever AcCV and V is nano gb-
open in U

Definition 3.2: A subset A of a nano topological space
(U,rR(X)) is called

€h) nano r-closed if Nrcl(A) <V whenever
AV and V is nano gb-open in U.
®) nano c-closed if Ncl(A) <V whenever

AV and V is nano gb-open in U.
(3) nano p-closed if Npcl(A) <V whenever
AV and V is nano gb-open in U.
4) nano s-closed if Nscl(A) <V whenever
AcV andV is nano gh-open in U.
5) nano « -closed if Nacl(A) <V whenever
AcV and V is nano gh-open in U.

Theorem 3.3:

(a) Every nano r-closed set is nano*generalized b-closed
set.

(b) Every nano c-closed set is nano*generalized b-closed
set

(c) Every nano closed set is nano*generalized b-closed
set

(d) Every nano s- closed set is nano*generalized b-closed
set

(e) Every nano p- closed set is nano*generalized b-closed
set

(f) Every nano « - closed set is nano *generalized b-
closed set.

Proof: (a) Let A be nano r-closed set. Then
Nrcl (A) cV whenever AcV and V is nano gb-open

in U. But NbCI(A)g NI’CI(A) whenever AcV , V

is nano gb-open in U. Now we have Nbcl (A) cV,Vis

nano gb-open. Therefore A is nano*generalized b-closed
set. Proof is obvious for others

Remark 3.4: The converse of the above theorem need not
be true which can be seen from the following examples.

Example 3.5: Let
UJR={{a},{b.c}}, X = fab}
7. (X)=1{U.p.{a}.{b.c}}.

{U,q),{a},{b,c}} nano*generalized b-closed set:

U= {a, b, C} with
Then

nano r-closed set :
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{U,p.{a},{b}.{c},{a,b},{a,c} {b,c}}. Here the

set {a,C} is nano*generalized b-closed set but not r-
closed set.

Example  3.6: Let U= {a, b, C} with

U/R :{{a},{b,c}} and X = {a,c} . Then the nano
topology is defined as 7, (X) ={U, ¢,{a},{b, c}} nano

c-closed set: {U,(o,{a},{b,c}} nano*generalized b-
closed set.:

{U.9.{a},{b}.{c}.{a,b},{a,c},{b.c}}. Here the

set{c} is nano*generalized b-closed set but not c-

closed set.

Example  3.7: Let U ={a,b,c,d} with
U/R={{a},{c} {b.d}} and X ={a,b}. Then the
nano topology is defined as

TR(X):{U,q),{a},{a,b,d},{b,d}}, nano closed

set: {U,go,{c},{a, c}{b,c, d}} , nano*generalized b-
closed sets:
U.oda}. b} {c}.{d} {a.ch{b.c} {bid} fed) abic) facd] b.e.d}f
Here the set {a,c,d} is nano*generalized b-closed set
but not nano closed set.

Example  3.8: Let U= {a,b,c, d} with
u/ R:{{a},{b},{c,d}} and X ={a,c} . Then the
nano topology is defined as

Ty (X ) = {U,(p,{a},{c, d},{a,c, d}} , hano s-closed

U0 (8 {albl, . . bl nano o

closed set:
U0 16}t ) b o) e o) b

Here the set {b,C} is nano*generalized b-closed set but
not nano s-closed set.

set:

Example 3.9: Let Uz{a,b,c,d} with
U/R={{b} {c}.{a.d}} and X ={b,d}.

Then the nano topology is  defined as
Ty (X)={U,(p,{b},{a,b,d},{a,d}}, nano p-closed

set:

Voo faf. e} {d} {ach o). e d) fabie] facd) e dl,

nano*generalized b-closed set:

(V.02 0} {0} facl fa e fed) b facd foed]
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.Here the set {b} is nano*generalized b-closed set but not
nano p-closed set..

3100  Let U={ab,c}
U/R :{{b},{a,c}} and X = {{b,c}} then the nano
topology is defined as Tq (X):{U,go,{b},{a,c}}1 nano o -
closed set: {U,¢,{b},{a,c}}nano*generalized b-closed

set.: {U,gp,{a},{b},{c},{a,b},{a,c},{b,c}}. Here the
set {a,b} is nano*generalized b-closed set but not nano

Example with

o -closed set.

Remark 3.11:
From the above theorem and examples, we have the
following diagrammatic representation:

Nano
a-closed set

Nano
r-closed set

N4

Nano
close
d set

Nano*
generalized
b-closed

Nano

p-closed |
set o

v

| o
IV

o

Nano
s-closed set

Nano
c-closed
set

Theorem 3.12: A set A is nano*generalized b-closed set
iff NbcI(A)—A contains no non-empty nano gb-closed

set.

Proof:
Necessity: Let F be a nano gb-closed set in (U ' Tq (X ))

such that F < Nbcl (A)—A. Then Ac X —F . Since

A is nano*generalized b-closed set and X —F is nano
gb-open then Nbcl (A) cX-F. That is

F < X —Nbcl(A). SoF (X —Nbel (A))
N(Nbcl (A)— A) Therefore F = ¢.

Sufficiency: Let us assume that Nbcl (A)— A contains
no non-empty nano gh-closed set. Let AcV , Visnano
gb-open. Suppose that Nbcl (A) is not contained in V,

Nbcl (A) AV is non empty nano gb-closed set of
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Nbcl (A) —A which is contradiction therefore
Nbcl (A) =V . Hence A is nano*generalized b-closed
set.

Theorem 3.13: If A is nano*generalized b-closed set and
Ac B < Nbcl (A) then B is nano*generalized gb-
closed set.

Proof: Let B <V where V is nano gb-open in 7, (X ) .
Then AcB A s
nano*generalized b-closed set Nbcl (A) cV. Also
B < Nbcl (A) implies Nbcl (B) < Nbcl (A) This shows
that Nbcl (B) <V and so B is nano*generalized gb-
closed set.

implies AcV . Since

NANO*GENERALIZED b-OPEN SETS

Definition 3.14: A subset A of a nano topological space
(U,TR (X)) is called nano* gb-open set, if A° is
nano*gb-closed.

Theorem 3.15: A subset Ac U is nano*generalized b-
open, if and only if F < Nbint(A) whenever F is

nano*gb-closed set F < A.

Proof: Let A be nano*generalized b-open set and suppose
F < A where F is nano gb-closed set. Then U — A isa
nano*generalized b-closed set contained in the nano gb-

open set U —F . Hence Nbcl (U —A) cU-F and

U —Nbint(A)cU -F. Thus F = Nbint(A).
Conversely, if F is with
F < Nbint(A)andF c A, then
U —Nbint(A)cU—-F. Thus Nbcl(U-A)cU-F.

Hence U — A is a nano*generalized b-closed set and A is
nano*generalized b-open set.

nano*gb-closed  set

Theorem 3.16: If A is nano*generalized b-open , V is
nano open and Nbint(A)u A° <V then V=U.

Proof: Let A be nano*generalized b-open and V is nano
gb-open  such  that Nbint(A)U A° =V Then

V® < AnNbel (A°) < Nbel(A°) - A°. Since  A° s
nano*generalized b-closed, Nbcl( AC)_Ac cannot contain

any non-empty nano gb-closed set. But VC is a nano
closed subset of NbcI(A°)—A°. Therefore,V° = ¢
That is V=U.

Theorem 3.17: If Nbint Ac B < A and A is nano*gb-
open then B is nano*gb-open.
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Proof: Given Nbint AcBc A
X—Ac X-Bc X —Nbint(A).
Then X —Ac X —B < Nbcl(X — A) .Since X —A

is nano*gb-closed by theorem 3.12 X — B is nano*gb-
closed and hence B is nano*gb-open.

implies

Theorem3.18: If Ac Xis then
Nbcl(A) — Ais nano*gb-open.

Proof: Let A be nano*gb-closed. Let F be nano*gb-closed
set such that F < Nbcl(A)— A. Then by theorem 3.20
, F=¢, so F < Nbint(Nbcl(A)—A). This shows

that Nbcl(A) — A is nano*gb-open.

nano*gb-closed

IV.NANO * GENERALIZED b- LOCALLY CLOSED
SETS

Definition 4.1: A subset A of (U,7,(X))is called

nano*generalized b- locally closed set
(briefly N *gblc), if A=GF where G is N*gb

U,7;(X))and F isN*gb
(U,7,(X)). The collection of all nano* generalized b-
locally closed sets of (U, 7,(X))will be denoted by
N*GBLC(U,7,(X))

open in closed in

Definition 4.2: For a subset A of (U,7;(X))
Ae(N*gblc)*U,7 (X)) if there exist a N*gb
open set G and a nano closed set F of (U,7,(X))
respectively, suchthat A=G N F .

Definition 4.3: For a subset A of (U,7;(X))
Ae(N*gblc)**(U,7,(X)) if there exist a nano
open set G and N*gbclosed set F of (U,7,(X))
respectively such that A=GNF

Theorem 4.4:

(1) Every nano locally closed set is (N*GBLC)
(2) Every nano locally closed set is (N *GBLC)*

(3) Every nano locally closed set is (N *GBLC)**
(4) Every nano (N *GBLC)*is (N*GBLC)
(5) Every nano (N *GBLC)**is (N *GBLC)

However the converses of the above are not true may be
seen by the following examples.

' Example 4.5: Let U = {a,b,c} U/R :{{a},{b,c}}

. X ={a,¢} ,7,(X)={U,4,{a},{b,c}} . Then the NLC-
sets are {U,¢,{a},{b,c}}and the N*GBLCsets are
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{U.¢.{a}.{b},{c}.{a,b}.{a,c},{b,c}} . Here {a,c}is

N *GBLC -closed but not nano locally closed.
Example 4.6: Let U= {a, b, C}
U/R={{b}.{a }} ~{b.c)

a C } Then the NLC-sets are

TR(X):{U1¢:
{ {},{a,C}}and the (N *GBLC)*sets are

(U.g.4a}, (b}, (¢}, {a.c)} rere (2} i

(N *GBLC) *closed but not nano locally closed.

Example 4.7 Let U
U IR ={{al} (b} {e.d}}. X ~fac}.
7.(X)={U,¢,{a},{c,d}.{a,c,d}} Then the NLC
sets are {U,¢,{a},{c,d}} and the

(N *GBLC)** sets

(V. fa}.{c} ) fach fo.d).fad})
{C} is (N*GBLC)**closed but not nano locally
closed.

={a,b,c,d}

are

Here

Example 4.8: Let U= {a, b,c, d}

UIR={{a).{c].(bd}} X ={ab]

7:(X)={U,¢.{a},{b,d} {a,b,d}} Then
(N*GBLC)* sets are
{U.¢.{a},{b}.{c}.{d}.{a b} ,{ac}.{ad} {bd} {ab.c}]

and the N *GBLC sets are
{U.g.{a}.{b}.{c}.{d}.{a.b}.{a,

the

Here {a,b,c} is N*GBLC-closed but not
(N *GBLC) *- closed.
Example 4.9: Let U= {a, b,c, d}

UIR={{b},1c] fadl] X ={ab]
7:(X)={U.¢.{c}.{b.c}.{a,c,d}} Then
(N*GBLC)** setsare

{U.4.{a},{b}.{d} {a,

N *GBLC sets are

the

b}.{a,d},{b,d}}and the

(Ul o). (), ). fa.0) fa.d}. () .0} b fa.ca) b.edl] % gy closed and PO

but not

Here {C} is N *GBLC -closed
(N *GBLC)** - closed.

Theorem 4.10: Let A be nano*gb-closed set. Then A is
nano b-closed iff Nbcl(A)— Ais nano gb-closed.
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Proof: Let A be nano*gb-closed set. If A is nano b-closed,
then we have  Nbcl (A) — A = @ which is a nano closed
set. Conversely, let Nbcl(A)— Abe nano gb- closed.
Then by

. Theorem 3.12 Nbcl(A)— A does not contain any non-

empty nano closed set. Thus, Nbcl(A) — A=¢. That is
Nbcl(A)=A. Therefore A is nano gh-closed

Theorem 4.11:

For a subset A of (U,7;(X)) the following are
equivalent

(i) Ae(N*GBLC)*(U, (X))

(i) A= pNcl(A) for some N * gb-open set P

(iii) Ncl(A) — Ais N* gb closed

(iv) Au(U —Ncl(A))isN *gb - open

Proof:

(i) = (ii) 1let Ae(N*GBLC)*(U,7z5(X)). Then

A=PNF where P is N*gb- open and F is nano
closed. Since AcP and  Ac Ncl(A),
Ac PN Ncl(A). Conversely, SinceAcC F,
Ncl(A)cF, we have A=PnNF contains

PANCI(A) .That is PANCI(A) < A. Therefore
we have A=P nNCI(A).

(i) = (i) Since P is N*gb-open and NCI(A) is
nano-closed,

P ANCI(A) e (N*GBLC)*(U, 7, (X)) by
definition (5.2) of (N*GBLC)*(U, 7,(X)) .
(ii) = (iii) A=P N NCI(A) implies that

Ncl(A) — A= Ncl(A) " P which is N *gb closed,
Since p°is N *gb closed.

(i) = (ii) Let P =[Ncl (A) — A]°. Then by
assumption, P is N*gbopen in (U,75(X)) and
A=PA~NCI(A).

@iii) = (iv)

AU (U —Ncl(A)) = AU(Ncl(A)° =[Ncl(A) - Al°
and by assumption [Ncl(A)—A]%is N *gb -open and
AU (U —Ncl(A)) is N *gb -open.

(iv) = (iii) let P=AU(NCI(A)C. Then P is
= Ncl(A)— Aand therefore
Ncl(A)— A is N *gb closed.

Theorem 4.12:
For a subset A of (U,7;(X)) the following statements
are equivalent.
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(i) Ae N*GBLC(U,z,(X))

(i) A=PN*gb—cl(A) for some N *gb -open set
P.

(iiiy N * gblc(A) — Ais N*gb closed

(iv) AU(N*gb—cl(A))is N*gb open.

v) Ac N*gb—int(AU(N *gb—cl(A))°)

Proof:

()= (i) Let AeN*GBLC(U,z,(X)).Then
A=PNF where Pis N*gb- openand Fis N*gb
-closed. Since AcF,N*gb—cl(A)cF and
therefore P AN *gb—Ncl(A)—A. Also Ac Pand

Ac N*gb-cl(A) implies
AcPAN*gb-cl(A) and therefore
A=P~N*gb—cl(A).

(@iv) = (v) By assumption,

AU(N*gb—cl(A) = N*gb—int(AU(N*gb—cl(A)°)
and hence Ac N*gb—int(Au(N*gb—cl(A))°).
(V) = (i) By assumption and since

Ac N*gb—cl(A),

A=N*gb—int(AU(N*gb—cl(A))°) AN*gb—cl(A) e N*GBLC(U, 7, (X)).

Theorem 4.13: Let A be a subset of (U, 7,(X)). Then
Ae(N*GBLC)**U, z,(X)) if
A=P N *gb-—cl(A) for some nano open set P.

Let Ae(N*GBLC)**U,7,(X)) Then
A=PNF where P is nano open and Fis N*gb-

closed. SinceAcF, N*gb—-cl(A)cF Now
A=AnN=*gb—cl(A)=PnFnN*gb—cl(A)=P~N*gb—cl(A).
Here the converse part is trivial.

and only if

Proof:

Corollary 4.14: Let A be a subset of (U,7z5(X)).If
Ae(N*GBLC)**U, z,(X)), then
N*gb—cl(A)—Ais N *gb -closed and
AU(N*gb—cl(A)is N *gb -open.

Proof: Let Ae(N*GBLC)**(U,7,(X)). Then by
above theorem, A=P "N *gb—cl(A) for some nano

open set P and
N*gb—cl(A)— A=N*gb—cl(A) NP is
N *gb - closed in(U,7,(X)). If
F=N*ghb-CI(A)-A, then

FC=AU(N*gb—cl(A)cand F is N*gb- open
and therefore AU (N *gb —cl(A))®is N * gb -open.
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